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ABSTRACT

Learning mathematics with the CPA approach has been practiced in Singapore and proven its
effectiveness. However, there needs to be a synthesis of previous studies to find research gaps for
future research. This article is a preliminary-research for information on the CPA approach and its
modifications to mathematical abilities and attitudes. This article is a Systematic Literature Review
(SLR) of 39 studies published from 2010 to April 2023 using the Publish or Perish application with
the Scopus database. This article aims to find out: (1) Description of mathematics education research
trends using the CPA approach in terms of publication year, author, country, level of education, and
mathematics content. (2) Application of the CPA approach to the type of mathematical ability and
attitude of students. The results showed that research outside the elementary school level needs
further investigation. Abstract mathematical concepts require a CPA approach. The CPA approach
has a positive effect on students with or without learning disabilities or at risk of failure. Results and
suggestions for future research on this topic are provided.
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INTRODUCTION

One of the compulsory subjects for 12 years of formal education in Indonesia from
elementary to high school is mathematics. According to Yeh et al. (2019), mathematics is a
fundamental subject because aspects of arithmetic and logical reasoning are the basis for the
development of science and technology. Mathematics is one of the basic sciences needed for
reasoning, developing the ability to think systematically and logically, solve problems in
everyday life, and communicate ideas that are needed in the development of science and
technology (Umar et al., 2022). From the description above, mathematics is a fundamental
lesson for students to practice their mathematical thinking skills in preparing themselves to
face the changing times.

Mathematics consists mostly of abstract objects (Saleh et al., 2018). Because it is
abstract, often teachers and students experience several obstacles in the learning process. In
fact, students do not like mathematics because it is considered the most difficult subject
among other subjects (Pulungan &; Rakhmawati, 2022; Heyder et al., 2020; Bishara, 2018).
Because mathematical objects are abstract, mathematics requires representation (Minarni &;
Napitupulu, 2017). Since the object is abstract in mathematics, the teacher needs to choose
the right mathematical approach so that students can understand abstract mathematical
concepts and can finally represent them as problem-solving answers.

One approach that supports students' learning from non-symbolic to abstract skills is
the CPA (Concrete-Pictorial-Abstract) learning approach that has been practiced in
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Singapore (Kurniawan et al., 2020). The CPA approach in some literature is also known as
CRA (Concrete-Representational-Abstract) or CSA (Concrete-SemiConcrete-Abstract)
(Hafiziani Eka Putri et al., 2016). The CPA approach is learning that starts from solving
mathematical problems with the support of concrete objects, then moves to solving problems
with pictures, until students learn to solve problems abstractly without the support of
concrete objects (E. Bouck et al., 2017). With the CPA approach, students can build their
understanding. According to Witzel (in Salimi et al., 2020), CPA uses hierarchical stages
that provide opportunities for students to reconstruct their knowledge.

The CPA approach is based on Bruner's (1966) stage which shows that children
develop knowledge through three stages of representation, namely the enactive, iconic, and
symbolic stages (Peltier &; Vannest, 2018). According to Bruner (in Shafiee & Meng, 2021),
Enactive representation means learning through motor actions, iconic representation means
learning through image perception, and symbolic representation means learning through
symbols. Thus, Bruner's three stages of representation in the CPA approach are aligned
through the concrete stage in enactive representation, the pictorial stage in iconic
representation, and the abstract stage in symbolic representation.

Many studies (such as Milton et al., 2023; AL-salahat, 2022; Flores et al., 2020;
Mahayukti et al., 2019; Flores et al., 2018) which showed significant improvements in
mathematics learning with CPA approaches at various levels. Of the many studies, it is
necessary to carry out a synthesis in order to know how far the CPA approach research has
been carried out, and to find research gaps for further research. This research is different
from Azzumar & Juandi (2023), where the article search aspect was from 2018 to 2022
which examined the application of the CPA approach to mathematics learning outcomes,
mathematical abilities, and mathematical attitudes in terms of research year and research
level. Meanwhile, in this article, the study was carried out from 2010 to April 2023 which
also examined mathematics content and modifications to the CPA approach. For more
details, the research objectives in this article are:

1. Describe mathematics education research trends using the CPA approach in terms of
publication year, author, country, school level, and mathematics content.

2. Describe the results of applying the CPA approach to students’ mathematical abilities
and attitudes.

RESEARCH METHODS

This study used the Systematic Literature Review (SLR) method. The purpose of
SLR is to collect secondary data collected from research results related to the application of
the CPA approach in mathematics learning. There are three main stages in SLR research,
namely review planning, review implementation, and review reporting (Xiao &; Watson,
2019). In the review planning stage, researchers identify review needs, define research
questions, and develop review protocols. At the implementation stage of the review, the
researcher selects the necessary research articles, extracts, analyzes and synthesizes the data.
Finally, at the review reporting stage, researchers write reports to disseminate the findings
of the literature review.
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The following is a set of inclusion criteria established to determine review limits: (1)
The study discusses the application of the CPA approach to mathematics learning. (2)
Scopus indexed. (3) Articles published until April 2023 (the last month of article search). (4)
Focus on articles reporting empirical findings based on quantitative, qualitative, or mixed
methods. Thus, theoretical articles and literature reviews are eliminated. (5) The article is
published in English.

This research uses the Scopus database and data collection techniques using the
Publish or Perish (PoP) application. In the main study selection process, the PRISMA
(Preferred Reporting Items for Systematic Reviews and Meta-Analyzes) protocol was used.
PRISMA refers to four stages, including identification, screening, eligibility, and included
(Moher et al., 2009). The stages of literature search with PRISMA flow charts are presented
in Figure 1. Based on Figure 1, at the initial search identification stage with the keyword
"concrete AND representational OR pictorial OR semi concrete AND abstract [title]" there
were 43 studies.

| Search with terms concrete AND |
: representational OR pictorial OR semi concrete :
| AND abstract [title] |

—
| Remove papers that do not meet all inclusion I
| criteria |

-

|
n=4 :

Figure 1. Diagram alir PRISMA

In the screening stage, one paper is eliminated in the form of a book. At the eligibility stage,
seven papers that did not meet the inclusion criteria were eliminated with five not related to
mathematics learning and two in the form of literature review. In the included stage,
researchers added four studies that met the inclusion criteria manually. Thus, there are 39
articles to be identified in this study. The researchers manually examined the 39 articles by
reviewing them using Ms. Excel.

RESULT AND DISCUSSION
Description of Research Trends in Mathematics Learning with CPA Approach
Study by year of publication

The search for articles in this SLR is not limited to the lower limit of the research
year because the researcher wants to know the extent of the research has been done. Based
on final search results that meet the inclusion criteria, the first published articles were found
to be from 2010 to 2023. The amount of published research related to the CPA approach in
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mathematics learning fluctuates between 2010 and April 2023. Studies on the application of
the CPA approach to mathematics learning were most published in 2020 with a total of nine
studies. Then in 2021 the number of publications decreased drastically and rose again in
2022 with six publications.

Study by author
Based on 39 studies on mathematics learning using the CPA approach, there were 64
authors who participated. The following are the three authors with the most studies:
Table 1. Authors with the Highest Number of Studies

Author Country Total
Margaret M. Flores, PhD, BCBA-D United States 17
Vanessa M. Hinton, PhD United States 14
Jill M. Meyer, PhD, LCPC, CRC United States 4

*QOne study may consist of multiple authors.

From Table 1, the three authors are from the Department of Special Education,
Rehabilitation, and Counseling at Auburn University, USA. The origin of the department of
the three authors is related to the CPA approach. This is because CPA has been widely
applied to students with learning disabilities or learning disabilities. Research on the
application of the CPA approach to mathematics learning shows positive outcomes for
students with disabilities (Milton et al., 2023; Kaya &; Yildiz, 2023) and students without
disabilities (Kurniawan et al., 2020; Yuliyanto &; Turmudi, 2020). The distribution of CPA
learning to students with learning disabilities can be seen in Table 3.

Study by country

Based on 39 studies on mathematics learning with the CPA approach consisting of
eight authors' countries. Details regarding the number of studies by country are presented in
Table 2.

Table 2. Number of Studies by Country.

United i . . . N Arab South
Country States Indonesia  Turkish  China  Malaysia Filipina Saudi Africa

Total 25* 8 2 1* 1 1 1 1

*There was one study consisting of 2 countries.

From Table 2, the highest number of studies came from the United States. Then
followed by Indonesia and Turkey. Studies in the US were dominated by Auburn University
with 17 studies. Meanwhile, Indonesia is dominated by the Universitas Pendidikan Indonesia
with 4 studies.

Study by school level

Based on 39 studies that met the inclusion criteria, research on the application of the
CPA approach varied at the education level. Details regarding the distribution of education
levels are presented in Table 3. Based on Table 3, the majority of research publications on
the Concrete-Pictorial-Abstract (CPA) approach are conducted at the primary school level.
Based on Piaget's stages of cognitive development, primary school students are at a concrete
stage of operational development. In that phase, children use concrete thinking to solve
problems (Hamilton & Ghatala, 1994). Thus, the CPA approach helps elementary school

PRISMA 106 Vol. 13, No. 1, June 2024



Jasmine Salsabila Lutfi, Dadan Dasari

students to learn and solve mathematical problems ranging from the transformation of the
concrete stage to the abstract stage.
Table 3. Study by School Level.

School Level TK SD SMP SMA University  Teacher  Special Schools
Subjects with learning 1 24 2 0 0 0 1
disabilities
Subjects without learning 0 7 3 0 1 1 -
disabilities

Based on Table 3, the school levels where no research has been carried out on subjects with
learning disabilities are senior high school, university, and teacher level. Meanwhile, for
subjects without learning disabilities, there has been no research at the kindergarten and
senior high school levels. For senior high school level, there have been no studies that have
been published. This can open up new research opportunities at levels that are still not widely
researched other than elementary school.

Studies based on mathematical content

Based on 39 studies that meet the inclusion criteria, the use of the CPA approach has
been practiced on several mathematical content. Details of the distribution of mathematical
content with the CPA approach are presented in Table 4.

Table 4. Studies based on Mathematical Content.

Math Content Total Math Content Total
Addition 7 Division 1
Fractions 7 Expanded Notation 1
Subtraction 6 Factoring 1
Geometry 6 Multi'plication with partial products 1
algorithm
Subtraction with regrouping 4 Number comparison 1
Algebra 3 Place value 1
Multiplication 3 Special products 1
Multiplication with regrouping 2 Statistic 1
Rounding 2 Time and money 1
Addition with regrouping 1 Not mentioned 3

* One study may consist of several materials

Based on Table 4, the most mathematical content in research on the application of
the CPA approach is about addition and fractions. The CPA approach has proven effective
for recovering deficits in basic mathematical calculations, place values, fractions, and
algebra (Flores, 2010). Basic materials such as number operations, fractions, and geometry
are important for students to master because they are related to advanced mathematical
content at the junior high school to university level.

Application of CPA Approach to Students' Mathematical Abilities and Attitudes

Based on 39 studies that met the inclusion criteria, the use of the Concrete-Pictorial-
Abstract (CPA) approach was studied in several aspects of mathematical ability and attitude.
Details regarding distribution are presented in Table 5. The results of applying the CPA
approach in mathematics learning have proven effective against the mathematical attitudes
of students without learning disabilities, namely: self-efficacy (Yuliyanto &; Turmudi,
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2020); learning motivation (Kurniawan et al., 2020); and mathematical disposition (Minarti
&; Wahyudin, 2019). The CPAAG (Concrete-Pictorial-Abstract Approach Group) approach
is also effective in the mathematical confidence of students without disabilities (Salingay &;
Tan, 2018).

Table 5. CPA's Approach to Students' Mathematical Abilities

Variable Types of CPA Effective against the subject
Mathematical CPA-I Subjects with learning disabilities / risk of failure:
conceptual (Strickland & Maccini, 2013)
understanding.  CPA Subjects with learning disabilities / risk of failure:

(Milton et al., 2023).
Subjects without learning disabilities:
(Minarti &; Wahyudin, 2019).

CPA-SIM Subjects with learning disabilities / risk of failure:
(Flores & Hinton, 2019).
Procedural CPA-I Subjects with learning disabilities / risk of failure:
fluency. (Strickland & Maccini, 2013).
CPA Subjects with learning disabilities / risk of failure:
(Peltier & Vannest, 2018).
Conceptual &; CPA-SIM Subjects with learning disabilities / risk of failure:
procedural (Flores et al., 2014).
knowledge. CPA Subjects with learning disabilities / risk of failure:
(Zhang et al., 2022).
Mathematical CPA Subjects without learning disabilities:
Representations. (Purwadi et al., 2019).
Computational  CPA-SIM Subjects with learning disabilities / risk of failure:
accuracy and (Miller & Kaffar, 2011).
fluency. CPA Subjects with learning disabilities / risk of failure:
(Flores & Milton, 2020).
Spatial ability. CPA Subjects without learning disabilities:
(Mahayukti et al., 2019).
Problem CPA Subjects with learning disabilities / risk of failure:
solving. (Bouck et al., 2017).

Subjects without learning disabilities:
(Kurniawan et al., 2020)

CPA-SBI Subjects with learning disabilities / risk of failure:
(Flores et al., 2016)
Mathematical CPA-I Subjects with learning disabilities / risk of failure:
performance. (V. Hinton & Flores, 2022).
CPA-SIM Subjects with learning disabilities / risk of failure:
(Flores, Moore, et al., 2020).
CPA-VBI Subjects with learning disabilities / risk of failure:
(Rushioglu & Avcioglu, 2022).
CPA Subjects with learning disabilities / risk of failure:

(Kaya & Yildiz, 2023).
Subjects without learning disabilities:
(Salimi et al., 2020).

CPA-CLR Subjects without learning disabilities:
(Shafiee &; Meng, 2021).
CPAAG Subjects without learning disabilities:
(Shown in 2018).
Information:
CPAAG = CPA Approach Group CPA-SBI = CPA and Schema-Based Instruction
CPA-I = CPA Integrated CPA-VBI = CPA with Video-Based Intervention

CPA-SIM = CPA with Strategic Instruction Mode CPA-CLR = CPA with Collaborative Lesson Research
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As for students with learning disabilities or have a risk of failure, the CPA approach
has been shown to be effective on students' mathematical confidence (Flores, 2010), and
EL-CPA (CPA-based Experiential Learning) is effective on mathematical attitudes in
general in students with learning disabilities or risk of failure (Amril et al., 2020) This study
will be beneficial for future research as it will provide an overview of trends in studies of the
application of the CPA approach, and the research gaps from previous studies.

Based on Table 5, the CPA approach is widely used for students with disabilities or
at risk of failure. Students with learning disabilities or at risk of failure usually take longer
to master a given learning objective. Teachers need to include aspects of visual
representation for abstract mathematical concepts. The CPA is a practical teaching
framework with evidence to support its use across classrooms, content areas in mathematics,
and various learning disabilities (Peltier &; Vannest, 2018). In experiential learning using
object manipulation in the CPA approach, the level of mental maturity of students is formed
so that they are able to establish relationships between concrete objects and mathematical
formulas (Rustioglu &; Avcioglu, 2022). Thus, it can help students with disabilities or at
risk of failing to understand concepts that are key to solving math problems.

Further research is expected to examine at the school level other than elementary
school, for example junior high school students. This is because, according to Piaget's stage
of cognitive development, junior high school students (over 11 years old) are in the formal
operational stage (Hamilton & Ghatala, 1994). However, junior high school teachers still
need to consider the operational level before formal because junior high school students
sometimes have not reached the stage of formal or abstract thinking (Widodo & Wahyudin,
2018). Teachers can use the CPA approach for basic or advanced mathematics material,
especially for students who have learning disabilities or students who have a risk of failure.

CONCLUSION

From the systematic literature review (SLR) of 39 articles meeting the inclusion
criteria, it's evident that the Concrete-Pictorial-Abstract (CPA) approach in mathematics
education has seen a prominent research trend, with the highest publication rate in 2020.
Margaret M. Flores, Ph.D., BCBA-D emerged as the most prolific author, contributing 17
articles. The United States stands out as the leading country in terms of publications on this
approach. Primary schools are dominant for students with or without learning disabilities or
at risk of failure. Notably, addition, fractions, subtraction, and geometry emerged as the most
researched mathematics content, which lays a foundational basis for subsequent school
levels. Further research is expected to be able to examine the application of the CPA
approach at levels other than elementary school and advanced mathematics material with a
more complete mathematical process. In addition, it is also expected to use modifications of
the CPA approach such as CPA-I (CPA-integrated), CPA-SIM (CPA and Strategic
Instruction Model), CPA-SBI (CPA and Schema-Based Instruction), CPA-VBI (CPA with
Video-Based Intervention), CPA-CLR (CPA with Collaborative Lesson Research), CPAAG
(CPA Approach Group), or with EL-CPA (CPA-based Experiential Learning) can be applied
and researched further.
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